Abstract. Using free fields, we construct a bosonic realization of toroidal Lie algebras of type A 2n−1 , A 2n , D n+1 , D 4 which are twisted by a Dynkin diagram automorphism. This realization is based upon the recently found Moody-Rao-Yokonuma-like presentation. In particular, our construction contains the first bosonic realization of the twisted affine algebra D .
Introduction
Since their introduction in the late 1960s, affine (Kac-Moody) algebras [K1, C] have played a significant role in various areas of mathematics and physics, and their representation theory is now well-developed. Many generalizations of affine algebras have been studied, notably double affine Lie algebras [CL] , extended affine Lie algebras [ABGP, NSW] and ( -)toroidal (Lie) algebras, ∈ Z >0 .
The -toroidal algebras can be realized as the universal central extension of a multi-loop algebra in variables with infinite dimensional center [BK] for > 1 (the case = 1 gives precisely the affine algebras). Like affine algebras [F3] , toroidal algebras have found applications in physics [B] and also come in both untwisted and twisted types. Much progress has been made on the representation theory in the untwisted case, in particular through the use of vertex operators [BB, BBS, FJW, T1, T2, FM] (see [FLM] for a thorough study of vertex operator algebras). An expository survey can be found in [R] .
A major step forward in the study of toroidal algebras came in [MRY] when Moody, Rao, and Yokonuma gave an alternate presentation of the untwisted types when = 2. This presentation is analogous to that of quantum affine algebras given in [D] . It was subsequently generalized in [EM] for an arbitrary positive integer .
A few notions of twisted toroidal algebras have been studied [BR1, BR2, FJ, V] with differing restrictions on the twisting automorphism(s); some of these notions are special cases of others. The current work focuses on the twisted toroidal algebras studied in [FJ] which can be viewed as fixed point subalgebras of untwisted toroidal algebras with respect to a Dynkin diagram automorphism (the Dynkin diagram automorphism on a finite type Kac-Moody algebra is extended in a natural way). Only recently has an MRY-like presentation of these algebras been given [JMM, JMM2] .
Two important classes of representations of affine and toroidal algebras are the fermionic and bosonic representations; they view the algebra elements as quadratic operators on a Clifford or Weyl module, respectively, and are distinguished by whether the operators anticommute or commute, respectively. The operators are known as free fields and can be studied through the tools of vertex algebras [K2] . Their study in regards to affine algebras include such seminal works as [KP, F1, F2] and, most notably for the current paper, [FF] . Since that time, numerous authors have used similar techniques to give representations of various affine [?, ?] , toroidal [JM, JMT, JMX, JX] , and related algebras [L, G] .
In the recent [JMM2] , the aforementioned MRY-like presentation was used to give fermionic representations of the twisted toroidal algebras of [FJ] with = 2 of types A 2n−1 , A 2n , D n+1 , D 4 , using similar techniques to [FF, JM] . It included a fermionic representation of the twisted affine algebra D for the first time (cf. [F1, FF, KP] ). The main result of the current work is to give bosonic representations of the same algebras studied in [JMM2] . In so doing, the current work also contains the first bosonic free field representation of D (3) 4 . The paper is organized as follows. In Section 2 we recall the twisted 2-toroidal Lie algebras of [FJ] , followed by the MRY-like presentation of [JMM2] in Section 3. In Section 4 we give the main result: the construction of the bosonic free field representations of these algebras.
Throughout this paper, all algebras, spans, tensor products, vector spaces, etc. will be over the field of complex numbers C unless indicated otherwise.
Twisted 2-Toroidal Lie Algebras
We begin by recalling the construction of the twisted 2-toroidal Lie algebras [FJ] .
Let g be the finite dimensional simple Lie algebra of type
1 The Chevalley generators of g will be denoted by {e i , f i , h i | 1 ≤ i ≤ N} where N = 2n − 1, 2n, n + 1, 4, respectively; h = span{h i | 1 ≤ i ≤ N} is the Cartan subalgebra of g. Denote the simple roots by {α i | 1 ≤ i ≤ N} ⊂ h * , the set of roots of g by ∆, and the root lattice by Q. Then α j (h i ) = a i j where A = (a i j )
is the Cartan matrix associated with g.
It is well-known [K1] that g possesses a nondegenerate symmetric invariant bilinear form which will be denoted (·|·). For g of type A 2n−1 , A 2n , D n+1 , or D 4 , this form can be realized by defining (x|y) = tr(xy), tr(xy), tr(xy), respectively, for all x, y ∈ g. Then (h i |h i ) = 2 with 1 ≤ i ≤ N. Since the Lie algebra g is simply-laced, we can identify the invariant form on h to that on the dual space h * and normalize the inner product by (α|α) = 2, α ∈ ∆.
Let σ be the Dynkin diagram automorphism of order r = 2, 2, 2, 3 respectively, defined as follows:
Let σ act on {1, 2, . . . , N} analogously: σ(i) = j ⇔ σ(h i ) = h j . Then g can be decomposed as a Z/rZ-graded Lie algebra:
,
It is known (see [K1, Proposition 8.3] ) that the fixed point subalgebra g 0 is the simple Lie algebra of type C n , B n , B n , G 2 respectively. Let I = {1, 2, · · · , n} for each g, noting that n = 2 for g = D 4 . The Chevalley generators {e i , f i , h i | i ∈ I} of g 0 are given by:
The algebras denoted D n+1 for n = 3 and D 4 will be distinguished by their respective values for r defined below; r = 2 in the former, and r = 3 in the latter.
The Cartan subalgebra of g 0 is h 0 = span{h i | i ∈ I} and the simple roots {α i | i ∈ I} ⊂ h * 0 are given by:
Let A = (a i j ) i, j∈I be the Cartan matrix for g 0 . Then we have
, 1 (D 4 ).
. DefineĨ = I ∪ {0} and extend the Cartan matrix A = (a i j ) i,j∈I for g 0 to the Cartan matrixÃ = (a i j ) i, j∈Ĩ for the twisted affine algebraĝ, whereĝ is of type A
, respectively, when g is of type A 2n−1 , A 2n , D n+1 , D 4 , respectively. Let {α i | i ∈Ĩ},Q, δ, and∆ denote the simple roots, root lattice, null root, and set of roots, respectively, forĝ.
Let
] be the ring of Laurent polynomials in the commuting variables s, t and L(g) = g ⊗ A be the multi-loop algebra with the following Lie bracket:
for all x, y ∈ g, and j, k, l, m ∈ Z. For j ∈ Z we define 0 ≤ j < r such that j ≡ j mod r, and define g j = g j . We extend the automorphism σ of g to an automorphism σ of L(g) by defining:
is Z-graded as follows:
} which is a subalgebra of K . We note that {s j−1 t m ds, s j t −1 dt, s −1 ds | j ∈ Z, m ∈ Z 0 } is a basis for K and the following relations can be checked by direct computation.
. T(g) is called the twisted 2-toroidal Lie algebra of type g.
The elements c 0 = s −1 ds, c 1 = t −1 dt ∈ K are called the degree zero central elements. A representation of T(g) is said to be of level (k 0 , k 1 ) for k 0 , k 1 ∈ C if c 0 acts as k 0 (id) and c 1 acts as k 1 (id).
MRY-Like Presentation of Twisted 2-Toroidal Algebras
In [JMM2] , another presentation of T(g) is given which is similar to that in [MRY] of untwisted 2-toroidal Lie algebras; this presentation is in turn based upon the realization of quantum affine algebras given in [D] . Here we recall the essentials of this construction (for further details, consult [JMM2] ).
Let t(g) be the Lie algebra generated by symbols c, α m (k) and X(±α m , k), with m ∈Ĩ and k ∈ Z, and satisfying the following relations:
for i, j ∈Ĩ with i j and a i j = −3.
In addition, c is central. Now let z, w be formal variables. We define formal power series with coefficients from t(g):
for i ∈Ĩ. We will use the delta function δ(z − w) = k∈Z w k z −k−1 . Since
where ι z,w means the expansion in the region |z| > |w|. For simplicity in the following we will drop ι z,w if it is clear from context.
We may write the above defining relations of t(g) as power series by collecting components as follows.
Relations of t(g) as Power Series
) where i, j ∈Ĩ. (7) adX(±α i , z 2 )X(±α j , z 1 ) = 0 for i, j ∈Ĩ with i j and a i j = 0. (8) adX(±α i , z 3 )adX(±α i , z 2 )X(±α j , z 1 ) = 0 for i, j ∈Ĩ with i j and a i j = −1. (9) adX(±α i , z 4 )adX(±α i , z 3 )adX(±α i , z 2 )X(±α j , z 1 ) = 0 for i, j ∈Ĩ with i j and a i j = −2. (10) adX(±α i , z 5 )adX(±α i , z 4 )adX(±α i , z 3 )adX(±α i , z 2 )X(±α j , z 1 ) = 0 for i, j ∈Ĩ with i j and a i j = −3.
For any power series a(z) = k∈Z a(k)z
In type A 2n ,
The following proposition (see [JMM2, Theorem 3.3] ) shows that t(g) is a realization of the twisted toroidal Lie algebra T(g). We will call it the MRY-like presentation of T(g).
Proposition 3.1. The pair (t(g), π) is the universal central extension of L(g, σ). Hence t(g) T(g).
Proof.
Bosonic Representation
In this section we will use the MRY-like presentation of T(g) from Proposition 3.1 to give a bosonic free field representation of t(g) for
Consider the vector space C n+4 with basis {ε i | i = 0, 1, · · · , n + 3}. This basis is orthonormal with respect to the inner product (·|·) defined by (ε i |ε j ) = δ i j .
Consider the lattice P 0 = n+2 i=1
Zε i and set c = Recall the decomposition (2.1) of g where r = 2 when g = A 2n−1 , A 2n , D n+1 and r = 3 when g = D 4 . The simple roots of the fixed point subalgebra g 0 of g can be realized via the ε i elements as follows, with i ∈ I\{n} for g = A 2n−1 , A 2n , D n+1 .
It is known (see [K1, Proposition 8.3] ) that g 1 is an irreducible g 0 -module. The highest weight of this representation can be realized via the ε i elements as (D 4 ).
Now define
and set
Direct computation shows that the {α i | i ∈Ĩ} form the set of simple roots of the twisted affine Lie algebraĝ with the GCMÃ = (a i j ) i,j∈Ĩ . The symmetric nondegenerate invariant bilinear form is given by
where , 1) (D 4 ).
Notice that the symmetrization constants (d 0 , . . . , d n ) simply extend the constants (2.3) by adding the appropriate d 0 in each type. Furthermore, observe that (c|α i ) = 0 = (d|α i ), i ∈Ĩ, so c corresponds to the null root δ and d corresponds to the dual gradation operator forĝ. We now introduce a second copy of C n+4 having as a basis {ε i | i = 0, 1, · · · , n + 3}. Extend the inner product (·|·) by (ε i |ε j ) = δ i j and (ε i |ε j ) = 0 so that the {ε i | i = 0, 1, · · · , n + 3} form an orthonormal basis of C n+4 .
Form the lattice
Zε i . Observe that (c|x) = 0 for all x ∈ P 0 . Define
Now consider P := P 0 ⊕ P 0 ⊕ Zc and denote by P C the vector space C ⊗ P which has {c, ε i , ε i | i = 1, 2, . . . n + 2} as a spanning set. Define P * by the condition a ∈ P ⇔ a * ∈ P * and P * C := C ⊗ P * (and hence a ∈ P C ⇔ a * ∈ P * C ). Then the vector space C := P C ⊕ P * C is a polarization into maximal complementary isotropic subspaces with respect to the antisymmetric bilinear form given by
for all a, b ∈ P C . Consider the unital algebra W(P) generated by elements a(k), a
, with the relation
for a, b ∈ C. W(P) is an infinite dimensional Weyl algebra [JMX] . Let
where the a runs over {c, ε i , ε i | i = 1, 2, . . . n + 2}. V is an infinite dimensional representation space, called the Fock space, on which W(P) acts in the usual way: a(−k) acts as a creation operator and a(k) acts as an annihilation operator for k ∈ Z >0 . We introduce a notion of normal ordering. For a(m), b(n) ∈ W(P), define
if m > 0. For formal variables z, w, we define bosonic fields by collecting components: The normal ordered product of k > 2 fields is defined inductively by:
:
The contraction of two fields is defined by
which contains all poles for a(z)b(w).
In order to calculate the bracket among normal ordered products, we make use of the following result which follows from Wick's theorem [K2, Theorem 3.3] , [JMX, Theorem 3.1] . The result holds in both cases, Z = Z and Z = Z + 
In the following theorem, using the MRY-like presentation of T(g) given in Proposition 3.1, we give a bosonic representation of the twisted toroidal algebra t(g), g = A 2n−1 , A 2n , D n+1 , D 4 , on the Fock space V. This is our main result. 
For type D n+1 ,
For type D 4 , In types A 2n , D n+1 with i = n, Relation (5) is shown below.
ρ X(α n , z) , ρ X(α n , w) = [ √ 2(: ε n (z)ε * n+1 (z) : − : ε n+1 (z)ε * n (z) :), √ 2(: ε n (w)ε * n+1 (w) : − : ε n+1 (w)ε * n (w) :)] = −2 : ε n (z)ε * n (z) :δ(z − w) + 2 : ε * n (z)ε n (z) : δ(z − w) = 0.
We show two examples of Relation (6). Consider type D 4 when i = 0, j = 2; this result is not obviously 0 a priori (cf. the same calculation is obviously 0 a priori in type D n+1 , for example). But indeed, ρ X(α 0 , z) , ρ X(−α 2 , w) = [: β * (z)ε 4 (z) : − : ε * 4 (z)β(z) : +ω 2 : ε
